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Abstract
The bounded derived category of coherent sheaves on a Fano variety never splits as an orthogonal sum, but it always breaks into semiorthogonal pieces, and on Fano threefolds those pieces can be written down family by family. This review collects what is known. It first recalls the vocabulary of exceptional objects, admissible subcategories and Serre functors, and the classification of smooth Fano threefolds by Picard rank, index and degree or genus. It then goes through the threefolds of Picard rank one: the four families with a full exceptional collection, the families whose non-trivial component is the derived category of a curve, and the families, such as the cubic threefold, the quartic double solid and their index one partners, whose component is a genuinely new category of fractional Calabi-Yau or Enriques type. The review describes the role of homological projective duality in producing these decompositions, the equivalences between components of threefolds of index two and index one conjectured by Kuznetsov, and the use of stability conditions to recover a threefold from its component. It closes with the relation to rationality and to intermediate Jacobians, the limits imposed by the failure of the Jordan-Hölder property, and the problems that remain open, including threefolds of higher Picard rank.
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1. Introduction

For a smooth projective variety X whose canonical bundle is ample or anti-ample, the bounded derived category Db(X) of coherent sheaves determines X up to isomorphism. This reconstruction theorem of Bondal and Orlov (2001) means that on a Fano variety the derived category is a complete invariant, and the practical question becomes how to read geometry from it. The most effective tool has been the semiorthogonal decomposition, introduced in the present form by Bondal and Orlov (1995), which cuts the category into admissible subcategories with morphisms running in one direction only.

Fano threefolds are the natural testing ground. They are completely classified, they are few enough to be treated one family at a time, and they include both rational and irrational varieties, so that any invariant extracted from the derived category can be compared with the classical obstruction of Clemens and Griffiths (1972). Over three decades a fairly complete picture has emerged for Picard rank one, much of it through the work of Kuznetsov.

This article is a narrative review of that published literature. It assumes the language of derived categories at the level of the textbook of Huybrechts (2006) and concentrates on statements, with indications of method where the method explains the shape of the answer. All varieties are smooth, projective and defined over the complex numbers.

2. Background

Two bodies of material are needed: the categorical notions in which the results are phrased and the classification that organises them, which is displayed in Figure 1.
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2.1. Exceptional objects and semiorthogonal decompositions

An object E of Db(X) is exceptional if its endomorphism algebra is the ground field and it has no self-extensions of non-zero degree. An exceptional collection is a sequence of such objects with no morphisms of any degree from later members to earlier ones, and it is full if it generates the category. The prototype is the collection O, O(1), O(2), O(3) on P3 found by Beilinson (1978), and the formalism of mutations and helices built on it is due to Bondal (1990). More generally a semiorthogonal decomposition writes Db(X) as generated by admissible subcategories A1, ..., An with no morphisms from Aj to Ai when j is greater than i.

On a Fano variety of index r, Kodaira vanishing makes the line bundles O, O(1), ..., O(r − 1) an exceptional collection, and any exceptional collection is admissible. Its orthogonal complement is therefore a well-defined component, now usually called the Kuznetsov component. It inherits a Serre functor from X, and the form of that functor is the first invariant to compute. Additive invariants such as the Grothendieck group and Hochschild homology split along a semiorthogonal decomposition, which gives quick necessary conditions: a threefold with a full exceptional collection must have vanishing Hodge number h1,2, and the length of the collection must equal the rank of its even cohomology.

2.2. The classification of Fano threefolds

Smooth Fano threefolds fall into 105 deformation families. Those of Picard rank one were classified by Iskovskikh, building on Fano, and form 17 families (Iskovskikh and Prokhorov, 1999). The 88 families of higher Picard rank are due to Mori and Mukai (1981). In rank one the index is 4 for projective space, 3 for the quadric, 2 for the five families Yd of degree d from 1 to 5, and 1 for the ten families X2g−2 of genus g from 2 to 10 and 12. Mukai's description of the threefolds of index one and genus at least 6 as linear sections of homogeneous varieties, or of zero loci of homogeneous bundles on Grassmannians, supplies the vector bundles from which all the decompositions below are built. Figure 1 also records the part of the derived category that splits off in each branch.

3. Threefolds With a Full Exceptional Collection

Exactly four of the seventeen families have h1,2 = 0, and each of them has a full exceptional collection of length four. For projective space this is Beilinson's theorem. For the quadric threefold Kapranov (1988) produced the collection formed by the spinor bundle and three consecutive line bundles, as part of a general treatment of quadrics and Grassmannians. For the quintic del Pezzo threefold Y5, a linear section of the Grassmannian Gr(2, 5), Orlov (1991) showed that the restrictions of the tautological bundles of ranks two and three complete the pair O, O(1) to a full collection. For the threefolds X22 of genus 12 the collection was constructed by Kuznetsov (1996) from the bundles furnished by Mukai's embedding into Gr(3, 7).

In all four cases the collection consists of vector bundles, and in all four the variety is rational. The four categories are not equivalent to one another, although they have the same additive invariants: the Bondal-Orlov theorem forbids it, and the difference is visible in the quivers with relations that describe them. This is a first indication that the interest of the subject lies in the finer structure of the components and not in their numerical shadows.

4. Components That Are Derived Categories of Curves

Table 1 lists the decompositions for all families discussed in this review; in it E denotes an exceptional bundle supplied by Mukai's construction. After a full exceptional collection, the next simplest outcome is a component equivalent to Db(C) for a smooth curve C. The oldest example is the complete intersection of two quadrics in P5, the del Pezzo threefold Y4. Bondal and Orlov (1995) proved that the orthogonal complement of O and O(1) is the derived category of the curve of genus 2 that is the double cover of the pencil of quadrics branched at its six singular members. The curve had long been known classically, since its Jacobian is the intermediate Jacobian of Y4 and its moduli space of rank two bundles of fixed odd determinant is Y4 itself.

Table 1: Semiorthogonal decompositions of Fano threefolds of Picard rank one	Threefold	Shape of the decomposition	Non-trivial component	Source
	3 P	⟨O, O(1), O(2), O(3)⟩	None	Beilinson, 1978
	Quadric	Spinor bundle and three line bundles	None	Kapranov, 1988
	Y and X 5 22	Four exceptional vector bundles	None	Orlov, 1991; Kuznetsov, 1996
	Y 4	b ⟨D (C), O, O(1)⟩	Curve of genus 2	Bondal and Orlov, 1995
	X , X , X 12 16 18	b ⟨D (C), E, O⟩	Curve of genus 7, 3, 2	Kuznetsov, 2006
	Y and X 3 14	⟨B, O, O(1)⟩ and ⟨A, E, O⟩	Calabi-Yau of dimension 5/3	Kuznetsov, 2004
	Y and X 2 10	⟨B, O, O(1)⟩ and ⟨A, E, O⟩	Enriques type	Kuznetsov and Perry, 2018


On the index one side the same phenomenon occurs in genus 7, 9 and 10. The threefolds X12, X16 and X18 are linear sections of the ten-dimensional spinor variety, of the Lagrangian Grassmannian LGr(3, 6) and of the adjoint variety of the exceptional group G2 respectively. Kuznetsov (2006) showed that in each case the derived category is generated by the structure sheaf, one further exceptional bundle and a copy of Db(C), where C is the orthogonal linear section of the projectively dual variety and has genus 7, 3 and 2. These genera are the values of h1,2, as the additivity of Hochschild homology requires.

All of these results are instances of homological projective duality (Kuznetsov, 2007). The theory attaches to a variety with a suitable decomposition of its derived category a dual variety, possibly non-commutative, and relates the derived categories of mutually orthogonal linear sections: as the dimension of one section grows, exceptional objects are added to its category and removed from that of the other, while a common component is preserved. For the homogeneous varieties in Mukai's list the dual is again a classical variety in the relevant range, which is why curves appear.

5. Components of a New Kind

For the remaining families the component is not the derived category of any variety. The cubic threefold Y3 is the basic case. Its component B, the orthogonal complement of O and O(1), has a Serre functor whose cube is the shift by 5, so that B behaves like a Calabi-Yau category of dimension 5/3, and no derived category of a curve has this property. Kuznetsov (2004) proved that the same category occurs on the index one side: if X14 is a threefold of genus 8, a linear section of Gr(2, 6), and Y3 is the cubic threefold attached to it by the Pfaffian construction, then the component A of X14 is equivalent to B. The classical birational map between the two threefolds is thus reflected in a common piece of their derived categories.

The quartic double solid Y2 and the Gushel-Mukai threefolds X10 form a second pair of this kind. In both cases the Serre functor of the component is the shift by 2 composed with a non-trivial involution, which is the behaviour of the derived category of an Enriques surface, and Kuznetsov and Perry (2018) analysed the Gushel-Mukai case in all dimensions. For the families of lowest degree and genus, namely Y1 and the threefolds of genus 2 to 5, components can still be defined by removing the available line bundles, but they are larger and much less is known about them.

5.1. Kuznetsov's conjecture on index two and index one

The coincidences above follow a numerical pattern. A del Pezzo threefold Yd and a prime Fano threefold X4d+2 of even genus have components with the same numerical Grothendieck group. Kuznetsov (2009) assembled the known cases, d = 3, 4 and 5, into the statement that the two families of components coincide under a correspondence between the moduli spaces, and conjectured the same for d = 2. For d = 5 both components are generated by two exceptional objects and are equivalent to the derived category of a quiver; for d = 4 both are derived categories of curves of genus 2; for d = 3 the statement is the theorem on cubics and Pfaffians.

The case d = 2 has turned out to be different. The moduli of quartic double solids and of Gushel-Mukai threefolds have different dimensions, so the conjecture could only assert a correspondence, and Bayer and Perry (2023) showed that in its original form it fails: the components of a quartic double solid and of a Gushel-Mukai threefold are in general not equivalent, although the two families of categories are related by deformation.

6. Stability Conditions and Categorical Torelli Theorems

If the component is a new object, one may ask how much of the threefold it remembers. Bernardara et al. (2012) gave the first answer. They constructed a Bridgeland stability condition on the component B of a cubic threefold, identified the Fano surface of lines with a moduli space of stable objects in B, and deduced that two cubic threefolds with equivalent components are isomorphic.

A uniform construction of stability conditions on Kuznetsov components was later given by Bayer et al. (2023). Their method covers the Fano threefolds of Picard rank one and index two and those of index one and sufficiently large genus, as well as cubic fourfolds. With stability conditions available, moduli spaces of stable objects in the components become ordinary projective varieties, and classical parameter spaces of lines, conics and instanton bundles on the threefold reappear among them.

7. Rationality and Its Categorical Shadow

The blow-up formula of Orlov (1993) shows that blowing up a threefold along a point or a smooth curve adds to its derived category exceptional objects or a copy of the derived category of the curve. A rational threefold is connected to projective space by such operations and their inverses, which suggests that components of rational threefolds should be assembled from exceptional objects and curves, and that a component such as that of the cubic threefold obstructs rationality. This heuristic, set out in detail by Kuznetsov (2016), matches the classical results in every case of Table 1: the families in its first five rows are rational, while the cubic threefold, the quartic double solid and the general threefolds of genus 6 and 8 are not.

Turning the heuristic into a theorem meets a structural obstacle. Semiorthogonal decompositions do not satisfy a Jordan-Hölder property: Böhning et al. (2014) exhibited a variety with two maximal decompositions whose pieces do not match. A canonical "curve-free part" of the derived category therefore cannot be defined naively. Positive results exist under restrictions. Bernardara and Bolognesi (2013) proved that a standard conic bundle over a minimal rational surface is rational if and only if its derived category decomposes into exceptional objects and derived categories of curves. For Fano threefolds the categorical criterion remains a guide and not yet an independent proof of irrationality.

8. Open Problems

Three directions stand out. The first is the lower end of the classification. For Y1 and for threefolds of genus 2 to 5 there is no exceptional bundle beyond the line bundles, the components are large, and their structure has not been described at the level reached for higher genus.

The second is higher Picard rank. Many of the Mori-Mukai families are blow-ups or conic and del Pezzo fibrations, so that decompositions can be produced from the blow-up formula and from fibrewise versions of the results above, but no systematic account covers all 88 families. The third concerns the components themselves: a description of all their stability conditions, of their groups of autoequivalences, and of the extent to which equivalences between components of different threefolds are always induced by geometry.

9. Conclusion

On a Fano threefold of Picard rank one the derived category splits into a short exceptional collection and one residual component, and the literature surveyed here determines that component in most families: it is trivial for four of them, a curve for four more, and a new category of fractional Calabi-Yau or Enriques type for the cubic threefold, the quartic double solid and their partners of index one. The relation with rationality, though not yet a theorem, is consistent with everything known. The threefolds of small degree and those of higher Picard rank are where the description is still to be completed.

Conflict of interest

To be declared by the author(s) before publication.

Funding

To be declared by the author(s) before publication.

References

	Bayer, A. and Perry, A. (2023). Kuznetsov's Fano threefold conjecture via K3 categories and enhanced group actions. Journal für die reine und angewandte Mathematik, 800, 107-153. 

	Bayer, A., Lahoz, M., Macrì, E. and Stellari, P. (2023). Stability conditions on Kuznetsov components. Annales Scientifiques de l'École Normale Supérieure, 56(2), 517-570. 

	Beilinson, A.A. (1978). Coherent sheaves on Pn and problems of linear algebra. Functional Analysis and Its Applications, 12(3), 214-216.  https://doi.org/10.1007/BF01681436

	Bernardara, M. and Bolognesi, M. (2013). Derived categories and rationality of conic bundles. Compositio Mathematica, 149(11), 1789-1817. 

	Bernardara, M., Macrì, E., Mehrotra, S. and Stellari, P. (2012). A categorical invariant for cubic threefolds. Advances in Mathematics, 229(2), 770-803.  https://doi.org/10.1016/j.aim.2011.10.007

	Bondal, A. and Orlov, D. (1995). Semiorthogonal decompositions for algebraic varieties. arXiv preprint alg-geom/9506012. 

	Bondal, A. and Orlov, D. (2001). Reconstruction of a variety from the derived category and groups of autoequivalences. Compositio Mathematica, 125(3), 327-344.  https://doi.org/10.1023/A:1002470302976

	Bondal, A.I. (1990). Representation of associative algebras and coherent sheaves. Mathematics of the USSR-Izvestiya, 34(1), 23-42. 

	Böhning, C., Graf von Bothmer, H.-C. and Sosna, P. (2014). On the Jordan-Hölder property for geometric derived categories. Advances in Mathematics, 256, 479-492. 

	Clemens, C.H. and Griffiths, P.A. (1972). The intermediate Jacobian of the cubic threefold. Annals of Mathematics, 95(2), 281-356.  https://doi.org/10.2307/1970801

	Huybrechts, D. (2006). Fourier-Mukai Transforms in Algebraic Geometry. Oxford Mathematical Monographs, Oxford University Press, Oxford. 

	Iskovskikh, V.A. and Prokhorov, Yu.G. (1999). Fano Varieties. Algebraic Geometry V, Encyclopaedia of Mathematical Sciences 47, Springer, Berlin. 

	Kapranov, M.M. (1988). On the derived categories of coherent sheaves on some homogeneous spaces. Inventiones Mathematicae, 92, 479-508.  https://doi.org/10.1007/BF01393744

	Kuznetsov, A. (2004). Derived categories of cubic and V14 threefolds. Proceedings of the Steklov Institute of Mathematics, 246, 171-194. 

	Kuznetsov, A. (2006). Hyperplane sections and derived categories. Izvestiya: Mathematics, 70(3), 447-547. 

	Kuznetsov, A. (2007). Homological projective duality. Publications Mathématiques de l'IHÉS, 105, 157-220.  https://doi.org/10.1007/s10240-007-0006-8

	Kuznetsov, A. (2009). Derived categories of Fano threefolds. Proceedings of the Steklov Institute of Mathematics, 264, 110-122.  https://doi.org/10.1134/S0081543809010143

	Kuznetsov, A. (2016). Derived categories view on rationality problems. In: Rationality Problems in Algebraic Geometry, Lecture Notes in Mathematics 2172, Springer, Cham, 67-104. 

	Kuznetsov, A. and Perry, A. (2018). Derived categories of Gushel-Mukai varieties. Compositio Mathematica, 154(7), 1362-1406. 

	Kuznetsov, A.G. (1996). An exceptional set of vector bundles on the varieties V22. Moscow University Mathematics Bulletin, 51(3), 35-37. 

	Mori, S. and Mukai, S. (1981). Classification of Fano 3-folds with B2 ≥ 2. Manuscripta Mathematica, 36, 147-162.  https://doi.org/10.1007/BF01170131

	Orlov, D.O. (1991). Exceptional set of vector bundles on the variety V5. Moscow University Mathematics Bulletin, 46(5), 48-50. 

	Orlov, D.O. (1993). Projective bundles, monoidal transformations, and derived categories of coherent sheaves. Russian Academy of Sciences. Izvestiya Mathematics, 41(1), 133-141. 



OEBPS/nav.xhtml
Contents

		Abstract

		1. Introduction

		2. Background

		3. Threefolds With a Full Exceptional Collection

		4. Components That Are Derived Categories of Curves

		5. Components of a New Kind

		6. Stability Conditions and Categorical Torelli Theorems

		7. Rationality and Its Categorical Shadow

		8. Open Problems

		9. Conclusion

		Conflict of interest

		Funding

		References





OEBPS/fig1.png
Index 4 and 3

Fano threefolds of Picard rank one

O

~| Full exceptional collections I

4 Residual component B
N —

Al Projective space I H Degrees 1to 5 Genus 2 to 10 and 12
\ J N J
M
{ Quadric threefold J H Two line bundles split off Mukai bundle from genus 6
J
( Y ( 1\

Residual component A

|





